
Pricing on Trees

Pricing on trees is a powerful technique to price options, in particular exotic path-
dependent options or American-style options. In this section we first use binomial
trees in the real-world measure to justify the use of risk-neutral measure basically
following Chapter 3 of [1] . To do so we explicitly show the equivalence of the price
obtained on a binomial tree using a replication technique, an hedging strategy and
finally the risk-neutral expectation.

Binomial Trees

To set up our binomial tree, let us define the price of the underlying asset at time
0 (now) as S0. In a tree framework time is discretized and the price at each time
step can move up, down or stay fixed with a given probability. The exact size
of each move depends on the model we are assuming the price is following (for
instance we can let the price move up and down by a fixed amount or we can
let the price follow a log-normal distribution). By now we just want to show the
equivalence of different pricing techniques and we don’t need to specify a process
for the asset price evolution. To discretize time, we consider the expiration time T
and we divide it in N sub-intervals δt = T/N . We consider for the moment only
the case in which the asset price Ski at time i×δt is fully determined by the number
k of up moves (in a binomial tree the number of down moves is simply i− k) and
does not depend on the exact path (recombinig trees). For each k the price of the
option at expiry (i = N) is determined by the pay-off function f which defines the
option itself. In particular, on top of the N + 1 asset prices SkN we may compute
N + 1 prices for the option as Ok

N = f(SkN). Our goal is to determine a fair price
for the present time O0. Let us now review how different pricing techniques work.

Replicating argument

The replicating argument is based on no-arbitrage principle and basically states
that if we are able to replicate the pay-off of the selected option at expiry by a
portfolio built with financial instruments whose price is known, the price at time
0 is just the price of setting up such a portfolio. Of course this works so easily for
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path-independent and European-style options and substantial modifications are
needed for relaxing these assumptions. Consider a portfolio P given by ∆ units
of stocks and α of zero-coupon riskless bond expiring in δt. The value of such a
portfolio at time-step i and time-step (i+ 1) is

P k
i = ∆Ski + αe−rδt , P k

i+1 = ∆Ski+1 + α . (1)

The replicating conditions impose that in all the world states we can reach from
the point (i, k) the value of our portfolio must be equal to the price of the option{

P k
i+1 = Ok

i+1

P k+1
i+1 = Ok+1

i+1

⇒
{

∆ =
(
Ok+1
i+1 −Ok

i+1

)
/
(
Sk+1
i+1 − Ski+1

)
α = Ok

i+1 −∆Ski+1

, (2)

so the price at the point (i, k) is given by the value of the portfolio

Ok
i = P k

i = ∆Ski + αe−rδt . (3)

The strategy to obtain the price at time-step 0 is therefore

• use the pay-off function f to get the price for every world-state k at expiration
T (i = N)

• use 3 to compute the price for every k at i = N − 1

• iterate the procedure till i = 0

Before attempting to price some actual option, we want to show that the same
price is obtained with hedging and risk-neutral measure approaches.

Hedging strategy

Hedging means setting up a portfolio such that all the risk associated to the un-
certainty about the future value of the asset is removed. It is possible to achieve
that without foreknowledge on a binomial tree by holding an amount ∆ of stock
and shorting the option. Our portfolio at time-step i is therefore

P k
i = ∆Ski −Ok

i . (4)

To eliminate the risk we impose that at time-step i+ 1 for all the possible world-
states k and k + 1 the value of the portfolio is the same

∆Ski+1 −Ok
i+1 = ∆Sk+1

i+1 −Ok+1
i+1 , (5)

yielding the same ∆ we found in 2. Given that our portfolio is riskless, it must
evolve as the riskless bond (otherwise there would be an arbitrage opportunity),
so we have that

∆Ski −Ok
i = e−rδt(∆Ski+1 −Ok

i+1) , (6)

which gives the same Ok
i of 3. As for the replicating strategy we must price the

option at expiry trough the pay-off function and then compute the price backwards
step by step till we reach i = 0.
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Risk-neutral measure

Up to now we never used probability concepts, so the price must be independent of
the real-world probability (given that the probability of an up or down is different
from 1). We show here that it is possible to obtain the same price of 2 with
a probabilistic argument if we state that the asset evolve under a risk-neutral
probability measure. We define risk-neutral a measure under which the value of
the asset today is equal to the discounted expectation of the value tomorrow. Let
be p the probability of an up move and (1 − p) the probability of a down move.
The risk-neutral condition gives

Ski = e−rδtE
[
Ski+1

]
= e−rδt

(
pSk+1

i+1 + (1− p)Ski+1

)
, (7)

which yields the risk neutral probability

p =
erδtSki − Ski+1

Sk+1
i+1 − Ski+1

. (8)

Within this probability measure, the price of the option at time step i is given by

Ok
i = e−rδtE

[
Ok
i+1

]
= e−rδt

[
Ok
i+1 + ∆

(
Ski e

rδt − Ski+1

)]
, (9)

where ∆ is again given by 2 and the price is still 3. Again to get the price O0 a
backwards iterative procedure is needed. We have explicitly shown the equivalence
of the three different pricing methods.

Trees on Mathematica

Moving towards an actual implementation of the binomial tree we have to specify
what process is our asset following, which translates in setting up a formula for Ski
given S0. The simplest situation we can imagine is a riskless world with zero inter-
est rate where the asset can go up or down by a fixed amount δS with probability
0.5. In this case we would have simply

Ski = S0 + δS(2k − i)

PriceTree[N_] := Module[{return},

step = N;

\[Delta]t = T/N;

\[Delta]S = \[Sigma] Sqrt[\[Delta]t];

S[j_, n_] :=

S0 E^((r - d - \[Sigma]^2/2)*n*\[Delta]t + (2 j - n) \[Delta]S);

LastStock = Table[S[i, N], {i, 0, N}];
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boundary = PayOff[#, K, payoff] & /@ LastStock;

European[prices_] :=

Table[E^(-r \[Delta]t) (prices[[i + 1]] + prices[[i]])/2, {i, 1,

Length[prices] - 1}];

price = boundary;

Do[lastPrice = European[price];

price = lastPrice;

, {j, 1, step}];

(*Print["European option price: "<>ToString[price//First]];*)

Return[price // First];]
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